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Introduction
The calculation of observable quantities for high energy colliders became more and more involved in recent years, although the basic understanding of perturbative quantum field theory has been settled decades ago. The term "calculation" has two sides here to be taken into account, of quite different origin. First, one has to derive formulae for the quantity of interest, with a sufficient accuracy in order to match experimental needs. This is part of theoretical work in the classical understanding. But, by time the answers get more involved, both in quantity and in complexity. Also, the singularity behaviour becomes worse. As a consequence, the result of theoretical research to be disseminated is often not only an analytical formula written in an article, but also a piece of more or less sophisticated software. This is fine, but it raises new questions of cooperation. Software has to be supported in a rapidly developing world of computing. How to distribute software in an appropriate manner, thereby respecting the authors' rights in a satisfactory way, but at the same time not too much hindering its use? Let us remind that software use in nearly all realistic cases means also adaptation and so changing the original creation.
Since we are working in the field of particle phenomenology since decades, we collected some experience with all these aspects, to some extent we even contributed to the culture of practicioning. We come back to the point in section 7.
In sections 2 to 6 we survey part of research performed in the research group B1 "Massive particle production" of Sonderforschungsbereich/Transregio 9 of Deutsche Forschungsgemeinschaft. Due to the calculational difficulties it took few years after the concise formulation of the perturbative renormalization of the electroweak theory by t' Hooft and Veltman [1, 2] and after the invention of SCHOONSCHIP [3] . A famous piece of work was Veltman's study of the ρ parameter with the observation that high particle masses may show up at low energy [4] . First detailed studies of the calculational techniques and of the consequences for phenomenology came out soon, notably [5, 6] . Since then, much effort has been concentrated to the refinement of predictions of perturbative effects in the Standard Model and beyond.
Calculations have been done for many quantities, notably the weak corrections to the Z boson parameters ρ Z and sin 2 ,e f f W ; at one loop e.g. in [7, 8, 9, 10] , and later also with higher order corrections predicted by the elec-
arXiv:1412.3311v2 [hep-ph] 19 Jan 2015
troweak theory and by QCD [11, 12, 13, 14, 15] . These higher-order calculations have to be performed, but they have also to be inserted into phenomenological tools.
Although a lot of the material presented here is applied also to LHC physics, we will concentrate on higher-order contributions to e + e − annihilation, mainly arising from loop corrections:
A large part of the present study is devoted to the treatment of single Feynman integrals. They are the building blocks of Feynman diagrams related to some observable. We will consider an arbitrary L-loop integral G(X) with loop momenta k l , with E external legs with momenta p e and with N internal lines with masses m i and propagators 1/D i :
with
where X(k 1 , . . . , k L ) stands for tensors in the loop momenta.
ZFITTER
ZFITTER [16, 17] is a long-term project, dating back to the nineteen seventies. The aim is a state-of-the-art description of
in the Standard Model. A description of the project has been published quite recently [18] . Since 1989 ZFIT-TER is among the standard software packages for the description of the Z boson resonance at LEP. Further, it was used for predictions of the top-quark and Higgsboson masses from radiative corrections in the Standard Model prior to their discoveries. Until about 1992, ZFITTER rested mainly on theoretical work done by its authors on complete one-loop electroweak corrections in the Standard Model. In the nineteen nineties it become more and more important to integrate higher-order corrections derived by other authors and to support the users from experimental groups, notably from DELPHI, L3, OPAL, and also from the LEPEWWG. This is documented in the "LEP electroweak working group report" of 1995 [11] and references therein. The seminal review studies of (5) by the LEP community for LEP 1 in 2005 [19] and LEP 2 in 2013 [20] rest to a large extent on ZFITTER v.6.42 [16, 17] . ZFITTER became the "etalon" software for the Z-boson resonance studied for many years at LEP 1 und at LEP 2. Among the main results of LEP are the following, quoted from the "Review of Particle Physics" (2012) [21] :
A similar analysis, also based on ZFITTER, has been published by ALEPH, DELPHI, L3, OPAL, LEP-EWWG in 2013 [20] . The constraint
is obtained from the virtual corrections, in good agreement with the much more precise direct measurement of about m t = 173.2 ± 1 GeV [22] . For the Higgs boson mass, they predict:
An update is [23] , where it is quoted M H = 89 +22 −18 GeV, or M H < 127 GeV (90% c.l.). In 2012, the LHC collaborations discovered a scalar particle with a mass of about 125 GeV [24, 25] . The present best value is M H = 125.6±0.3 GeV [26] . This might be illustrated by the famous blue band plot of the LEPEWWG [27, 28], which we reproduce in figure 2, together with the presumably first proposal of an electroweak precision plot in figure 1. The development of precision predictions is nicely illustrated in figures 3 to 5.
It is pointed out in [20] that there are, besides ZFIT-TER, two alternative approaches for precision Standard Model tests available. One approach is practiced in the "Review of particle physics" of the Particle Data Group [29] , which traces to a large extent back to ZFITTER. The second approach is the Gfitter project. In fact, at the webpage http://gfitter.desy.de/ one finds a lot of data similar to the blue band plot of the LEPEWWG, figure 2. We reproduce here as an example the figure 6. The Gfitter plots are not due to independent calculations. They have been made with the software Gfitter/gsm [30] which originates from the Standard Model library of ZFITTER v.6.42 [16, 17] , see http://zfitter-gfitter.desy.de/.
1 Like the diploma thesis [30] , all the Gfitter publications, talks and proceedings contributions from December 2007 until July 2011 make use of Gfitter/gsm, see webpage http://fh.desy.de/projekte/gfitter01/Gfitter01.htm.
So we are faced with the unfortunate situation that for a large extent of precision predictions in the Standard Model there is basically only ZFITTER as a supported tool with reproducible features. 2 ZFITTER is among the software tools with longest history of open access in the particle physics community. The program traces back to times when there was no public internet, and the files were exchanged by floppy disks. We estimate the human investment into ZFITTER as follows: the Drell-Yan cross section by the CDF collaboration [32, 33] ; see also the CMS study [34] . The high luminosity data expected at BELLE 2 will also deserve the application of ZFITTER; see also section 3. In many cases, a support by the authors, including theoretical adaptations, has been welcomed by the experimentalists.
The theoretical description of the Z resonance measurements at a future Giga-Z factory will deserve electroweak two-loop precision. Here, certain multi-scale two-loop vertex-type Feynman integrals are hard to calculate, but seem feasible with present technology. Once this is done, the complete electroweak two-loop corrections to the Z resonance will be known. For further remarks on this subject see section 6. 
TOPFIT
ZFITTER assumes the external fermions in (1) and (5) to be light. In µ and τ pair production at meson factories potentially, and naturally in top pair production in the continuum at the ILC, the final state mass is essential. For the description of complete electroweak corrections with exact account of the final state mass, one may use TOPFIT [35] . The virtual corrections and a semianalytical treatment of hard photonic corrections with certain experimental cuts has been described in [36] . As an example of the sophisticated situation we reproduce a Dalitz plot with an acollinearity cut in figure 7. The variables are:
Phenomenological applications were worked out in [38, 37, 39, 40, 41, 42] . The Born cross section depends on the running electromagnetic coupling α em and, for massless fermion pair production, on four electroweak form factors ρ Z , sin 2 .
The s, t, u are the Mandelstam variables, c f the color factor, and the F,F are form factors [36] . The project was originally devoted to physics at the ILC, and several phenomenological studies were performed for the corresponding energy range [42, 39] . In tables 1 for τ leptons and 2 for top quarks we reproduce comparisons of differential cross sections and in table 3 integrated observables with hard photons included for top quark production. The tables demonstrate the impressive accuracy level achieved by comparing the numerics of different groups. Recently, a quite interesting application of ZFITTER and TOPFIT became relevant at the Belle experiment at Table 1 : Differential cross-sections in picobarn for selected scattering angles for τ-production at √ s = 500 GeV. The three columns contain the Born cross-section, Born including only the weak O(α) corrections, and Born including the weak and soft photonic O(α) corrections. For each angle, the first row represents the TOPFIT result of the Zeuthen group while the second contains the Feynarts/Feyncalc calculation of the Munich group. Table shortened from SFB/CPP-03-13 [42] . Table 3 : Total cross sections in pbarn and forward-backward asymmetries. Corrections include hard photon emission. Table shortened from [39] .
KEK in Japan. In Section 5.14 "Electroweak physics" of "Physics at Super B Factory" [43] , it is worked out that Belle II will measure about 10 9 µ + µ − pairs at √ s = 10.58 GeV, with a need of theoretical precision of about 10 −3 or even better. Evidently, to some extent the account of the final state muon mass is needed, m 2 µ /s ≈ 10 −4 . This may be exactly controlled by TOP-FIT, after some necessary adaptations of the package. Although the application of ZFITTER was originally excluded at meson factory energies, here it is nevertheless possible due to the suppression of contributions from meson resonances in the experimental set-up. So, the experiment gives access to electroweak physics at √ s ≈ 10 GeV, from a measurement of the forwardbackward asymmetry A FB (µ + µ − ). In the usual calculational frames, the weak mixing angle is not accessible, but the measurement is sensitive to the ρ Z parameter of the Z boson. The A FB will be a single parameter measurement of ρ Z [44, 45, 46] For a variety of scattering processes we need cross section predictions with a two-loop accuracy. Among them is Bhabha scattering, which is interesting by itself, as a very clean and simple reaction. Any deviation from predictions would be a strong indication for New Physics. Further, small angle Bhabha scattering is important for luminosity determinations at LEP and meson factories, and both for small and wide angle scattering also at the ILC. Here, for many applications one may concentrate at QED corrections. An important step was the prediction of the two-loop photonic corrections [48, 49] by relating them to the massless case. The alternative approach of calculating the virtual two-loop contributions to massive Bhabha scattering proved to be much more involved and its proponents have not been succeeded so far. We refer to [50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64] , and to the recent report [65] on planar integrals. The difficulty is mainly related to the non-planar double box diagrams. We come to some aspects and techniques of the evaluation of more complicated Feynman diagrams in section 6. Much easier, and finally calculated by several groups, are the heavy fermion (and hadronic) two-loop contributions to Bhabha scattering shown in figure 9 [61, 66, 67, 68] . The numerical influence is, both at meson factories and at the ILC, of the order of a per mil, see figure 10 . The software package related to [61, 66] has been attached to the BabaYaga package [69, 70, 71, 72] in order to stabilize its numerical precision at the NNLO level. At the time, there was dedicated scientific activity related to the subject by several groups. We should mention, in addition to the extensive list of references quoted in [66] 4.2. 5-point functions in muon pair production. PHOKHARA.
Mainly motivated by the need of efficient and numerically stable calculations of higher-point Feynman integrals for the description of final states with higher multiplicities at LEP 2 and at the LHC, there was much research activity in recent years on tensor integral reduction. For a review see e.g. [86] . Section 5 is devoted to an advantageous technique, based on dimensional shifts. An application of the corresponding software library PJFry is the calculation of the complete QED NLO contributions to
which is an important reaction with precision measurements at meson factories. It contains the contributions from five-point functions which were not studied before. The correct interpretation of the recent (g-2) measurements depends on the reliable knowledge of pion production, and (10) is used as a normalization for that. The state-of-the-art Monte Carlo program is PHOKHARA, where the resulting code finally was integrated. Crucial for stability and efficiency were the inclusion of both the muon and electron masses, and a clever treatment of numerical problems related to the appearance of inverse Gram determinants from tensor reduction [87, 72, 85, 69, 88] . Figure 11 demonstrates this. Figure 12 shows the improvement from the inclusion of pentagon diagrams on the muon charge asymmetry for KLOE energies for two different momentum intervals. Finally, the numerical effects are below the present experimental concern, what was not evident before.
Tensor reduction for Feynman integrals. PJFry and OLEC.
An efficient approach to the systematic reduction of arbitrary one-loop tensor Feynman integrals to scalar integrals relies on dimensional shifts. Basic ideas have been formulated in [89, 90, 91] , and the approach has been worked out in all necessary details and numerical and algebraic tools were created in recent years [92, 93, 94, 95, 88, 96, 97, 98, 99, 100, 101, 99, 102, Figure 13 : The one-loop n point function. 97, 103, 104, 72] . The project is competitive with other tools like [105, 106, 107, 108] .
We consider n-point tensor integrals of rank R:
where denominators c j = (k − q j ) 2 − m 2 j + iε have indices ν j and chords q j . An example is shown in figure 13 .
The aim is to get for n > 4 tensor reductions with:
• arbitrary masses;
• all inverse pentagon Gram determinants being eliminated;
• treatment of full kinematics, also with vanishing sub-diagram Gram determinants;
• higher n point functions, n ≥ 6 [99] ;
• as an option: multiple sums over tensor coefficients made efficient by contracting with external momenta [97] .
Tensor integrals in terms of scalar integrals I [89] , see also [92] . With n i j = ν i j = 1 + δ i j , n i jk = ν i j ν i jk , ν i jk = 1 + δ ik + δ jk , one gets for a tensor of rank four: 
In order to use a publicly available library of scalar functions, one has to lower the dimensions D = [d+] n = d + 2n on the right hand side of the reductions to d = 4 − 2 . This may be done by Tarasov's dimensional recurrences [91, 92] , based on the notion of signed minors [109] :
with appearance of a dimensional shift and of an inverse Gram determinant () 5 , and the integration-by-parts relation [110] :
The operators i ± , j ± , k ± shift the indices ν i , ν j , ν k by ±1. As an example, figure 14 shows a six-point function with a kinematically critical four-point function in the reduction.
We may identify our tensor coefficients in LoopTools/FF notations [105, 106] , e.g. I Figure 15 shows the numerical stabilization near a phase space point with vanishing Gram determinant, which is reached by an expansion of the higher-point functions in a series of higherdimensional three-point functions (so avoiding inverse Grams) with their subsequent dimensional recurrence, improved finally by a Pade approximation [95] . The C++ package PJFry for tensor reduction is due to V. Yundin and is available as open-source software [113] . It has been used for a variety of cross section calculations for LHC and meson factories. The C++ package OLEC [114] for the replacement of tensor reduction by tensor contractions is due to J. Gluza, M. Gluza, I. Dubovyk. Its basics have been worked out also by A. Almasy, J. Fleischer, T. Riemann [115, 103] . It is not yet published.
Calculation of master integrals with MellinBarnes representations. AMBRE.
There are several powerful techniques for the evaluation of higher order Feynman integrals. We mentioned already the reduction to (an algebraic system of) simpler integrals by recurrence relations. A similar idea is followed by solving (systems of) difference or differential equations. Single Feynman integrals may be solved by a multiple Feynman parameter integral representation for the propagators,
where N ν = n 1 + . . . + n N . After performing the momentum integrations in (2), the x-parameters are left:
dx j x n j −1 j Figure 16 : The integration paths of the multi-dimensional MellinBarnes integral have to be chosen properly and to be closed to the left or to the right at infinity.
The functions U and F are called graph or Symanzik polynomials. Sector decomposition techniques allow to isolate endpoint singularities related to infrared poles. Another technique is the replacement of sums by products of x-monomials in the Symanzik polynomials U and F by a sequence of Mellin-Barnes (MB-) integrals [116] with well-defined integration paths in the complex plane, see figure 16 .
In recent years, several software packages in MATH-EMATICA have been developed for the calculation of (18) and are widely used [117, 118, 119, 120, 121, 122] . The Mellin-Barnes approach has certain limitations, partly resting in its basic features. We like to mention the dimensionality. The dimensionality of the sector decomposition [123, 124, 125, 121, 126, 127, 128] is essentially the number of Feynman parameters, while in the MB-approach it depends on the complexity of the problem and may be quite high. Further, only recently there was substantial progress for the treatment of non-planar topologies with AMBRE [129, 130] , while numerics in the Minkowskian region is not yet implemented. An MB-treatment of mixed virtual and real IR-singularities has been proposed in [131] . An advantageous feature of MB-integrals is the potential to find analytical solutions. This may be tackled by deriving infinite series over residues with the Cauchy theorem [132] . Some software is under development [130] . The bottleneck is the need to sum up the multiple series. While the algorithms of e.g. MATHEMATICA are limited, there are dedicated approaches like SUMMER [133] and XSUMMER [134] , for massless problems of a not too high dimensionality. Both packages are written in FORM [135] . Presently,we are exploring the potential of the package family of the RISK (Linz) group around the MATHEMATICA package SIGMA [136, 137] . For automation we have to implement several steps:
1. Determine if the topology is planar or non-planar;
PlanarityTest [129] .
2. Construct MB representations; AMBRE, MB, and related packages [117, 118, 119, 120, 121] .
3. Change the MB-integrals into nested sums; MBsums package [130] .
4. Try to perform the multiple sums analytically [130, 138] .
5. Accept Minkowskian kinematics.
As mentioned, there are intrinsic limitations to the MBapproach, due to the number of loops, the number of scales, the number of legs, and last but not least the complexity of a given integral.
In a practical study, one will combine several methods in order to calculate all the necessary Feynman integrals. One or the other application [58, 56] was mentioned already in the foregoing sections. As an interesting state-of-the-art problem we mention here the calculation of the complete two-loop electroweak vertex form factors of the Z boson where one has to determine several hundreds of Minkowskian Feynman integrals of different dimensionality with up to four different dimensionless scales (arising from s, M Z , M W , M H , m t ) and with an accuracy of several numerical digits, typically about five. Alternatively, one might try to determine a minimal set of master integrals, but this raises other non-trivial problems. Concerning mulit-scale problems, notably arising in electroweak mulit-loop calculations, the numerical approach has benn proved to be powerful. We can quote here only a selection of relevant articles [139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151, 152, 153, 154] .
The role of software in the dissemination of scientific results
The dissemination of the results of theoretical research in elementary particle physics is an essential element of any single project. We mentioned in the introduction that the publication of an article in a peerreviewed scientific journal is not sufficient in view of the complexity of contemporary calculations. Additionally, one has to deliver some piece of software code ready for use by third parties, notably experimentalists. It has to be sufficiently robust to be safely used by non-specialists and during longer periods, maybe even decades. Further, it is often needed to deliver some direct individual support by debugging, new adaptations, etc. Some aspects of long-term support have been described for the example of the ZFITTER project [18] , see also section 2.
There are the rapidly rising opportunities of interconnections by the internet. More and more often they are used anonymously, essentially because the number of researchers is also rapidly rising. Just compare the number of scientists per experiment at LEP (few hundreds) and at LHC (three thousand). This raises questions related to the foundations of academic basic research like proper quotation, and related to copyright law, like licence problems.
There is an ongoing discussion in a broader scientific community in Germany on software use in scientific cooperation. We quote from a statement by the Ombudsman for Science in Germany, formulated with respect to software use in high energy physics (3 July 2012) [155] :
"The proper legal treatment of such software, in the field of tension of the rules of good scientific practice, has not been the subject of rule making until now (if I see right) . . . "
A similar understanding was expressed by the Editorin-Chief of "European Physical Journal C" (26 January 2012) [156] :
"We note that a subtlety may remain in the question as of what "scientific usage of the code" includes in the broader sense, namely if it is restricted to using the code as-is, or if copying and altering the original code is also permitted. Here we refer to the common practice of e.g. using Monte Carlo generator code by a large number of scientists who, as we observe, not only run that original code, but alter and copy parts of it according to their specific (scientific) needs. Such Monte Carlo codes exist, in a wide variety, under similar or identical license terms, as Open Source software . . . "
These quotes might be contrasted by the scientific practice in our international community. Let us refer to the write-up of the results of the ACAT (May 2013, Beijing) round table discussion on "Open-source, knowledge sharing and scientific collaboration" [157, 158] where many interesting reflections and ideas, together with facts of life, where communicated. The abstract summarizes:
"Although the discussion was, in part, controversial, the participants agreed unanimously on several basic issues in software sharing:
• The importance of having various licensing models in academic research;
• The basic value of proper recognition and attribution of intellectual property, including scientific software;
• The user respect for the conditions of use, including licence statements, as formulated by the author."
In the US, there is governmental interest in the sensible topic. On June 3, 2011, the "Report of the HEPAP Sub-Committee on the Dissemination of Research Results" [159] was published which answers a request by the Director of the US DOE Office of Science to summarize the current practices of researchers funded by the Office of High Energy Physics (OHEP) for disseminating their results. We quote from there:
"Although not technically "digital data", it's important to note that some theoretical research produces results besides the published articles. Examples include simulation programs (e.g. lattice gauge theory simulations like USQCD or MILC and Monte Carlo simulation programs like PYTHIA, HERWIG, SHERPA, or ALPGEN), computation programs (e.g. MCFM or MadGraph), and global fits to a large corpus of data (e.g. CTEQ, ZFITTER, or CKMFITTER). Typically the computer code itself is disseminated in an open access manner via the internet. The release of the computer code is usually accompanied by a publication in a peer reviewed journal describing the functionality of the code and, if relevant, specific results obtained using the code . . . The Version of Record is taken to be the latest version available from the relevant URL, which also provides additional functionality by providing versioning, documenting the relevant differences among versions, producing a Users Manual, and referencing the related articles in peer reviewed journals and/or posted on the arXiv. The long-term stewardship of these results is provided by the collaborations themselves via their web pages."
There is a high conformity between statements in the ACAT round table summary [157, 158] and in the HEPAP Sub-Committee report [159] , although there was absolutely no interaction between their authors.
These quotes might stimulate further thinking on the subject.
